arXiv:math/0512299v2 [math. AG] 2 May 2006 


THE B. AND M. SHAPIRO CONJECTURE IN REAL ALGEBRAIC 
GEOMETRY AND THE BETHE ANSATZ 


E. MUKHIN *, V. TARASOV AND A. VARCHENKO **’ 2 

* Department of Mathematical Sciences, Indiana University - Purdue University, 
Indianapolis, f02 North Blackford St, Indianapolis, IN f 6202-3216, USA 

*St. Petersburg Branch of Steklov Mathematical Institute 
Fontanka 21, St. Petersburg, 191023, Russia 

**Department of Mathematics, University of North Carolina at Chapel Hill, 
Chapel Hill, NC 27599-3250, USA 


Abstract. We prove the B. and M. Shapiro conjecture: if the Wronskian of a set of 
polynomials has real roots only, then the complex span of this set of polynomials has 
a basis consisting of polynomials with real coefficients. This, in particular, implies the 
following result: 

If all ramification points of a parametrized rational curve </> : CP 1 —> CP r lie on a 
circle in the Riemann sphere CP 1 , then f maps this circle into a suitable real subspace 
KP r c CPU 

The proof is based on the Bethe ansatz method in the Gaudin model. The key 
observation is that a symmetric linear operator on a Euclidean space has real spectrum. 

In Appendix A, we discuss properties of differential operators associated with Bethe 
vectors in the Gaudin model. In particular, we prove a statement which may be useful 
in complex algebraic geometry: certain Schubert cycles in a Grassmannian intersect 
transversally if the spectrum of suitable Gaudin Hamiltonians is simple. 

In Appendix B, we formulate a conjecture on reality of orbits of critical points of 
master functions and prove this conjecture for master functions associated with Lie 
algebras of types A r ,B r ,C r . 

1. The B. and M. Shapiro conjecture 

1.1. Statement of the result. Fix a natural number r ^ 1. Let b C C[i] be a vector 
subspace of dimension r + 1. The space V is called real if it has a basis consisting of 
polynomials in R[x]. 

For a given V, there exists a unique linear differential operator 

D = + Xi(x) i^ + " ,+ + Ar+iW ’ 
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whose kernel is V. This operator is called the fundamental differential operator of V. The 
coefficients of the operator are rational functions in x. The space V is real if and only if 
all coefficients of the fundamental operator are real rational functions. 

The Wronskian of functions /i, in x is the determinant 


Wr(/i,...,/i) = det 


fi /i (1) . ft 1] \ 

h / 2 (1) . tt~ 1] 

fi fP . ) 


Let fi,..., fr+i be a basis of V. The Wronskian of the basis does not depend on the 
choice of the basis up to multiplication by a number. The monic representative is called 
the Wronskian ofV and denoted by Wry. 


Theorem 1.1. If all roots of the polynomial Wry are real, then the space V is real. 


This statement is the B. and M. Shapiro conjecture formulated in 1993. The conjecture 
is proved in nrrn for r = 1, see a more elementary proof also for r = 1 in !ETB| . 
The conjecture, its supporting evidence, and applications are discussed in {E'Cl |EG3| . 

ESSE], (ESS], IKE], jEHHS], EQ 


1.2. Parametrized rational curves with real ramification points. For a projective 
coordinate system (i^ : • • • : v r+ f) on the complex projective space CP r , the subset of 
points with real coordinates is called the real projective subspace and denoted by MP r . 

Let 0 : CP 1 —> CP r be a parametrized rational curve. If {u\ : uf) are projective 
coordinate on CP 1 and (it : • • • : v r+ \) are projective coordinate on CP r , then 0 is given 
by the formula 


0 : («i : u 2 ) (0i(ni, u 2 ) : • • • : 0 r +i(«i, u 2 )) 


where 0, are homogeneous polynomials of the same degree. We assume that at any point 
of CP 1 at least one of 0* is nonzero. Choose the local affine coordinate u = u\jui on CP 1 
and local affine coordinates Ui/iV+i, ■ ■ ■ ,v r /v r +i on CP r . In this coordinates, the map 0 
takes the form 


/ : u 


h(v) 

fr+i(u) 


fr{u) \ 

fr+liu) ) 


( 1 . 1 ) 


where fi(u) = <f>i(u, 1). 

The map 0 is said to be ramified at a point of CP 1 if its first r derivatives at this point 
do not span CP r iKSl . More precisely, a point u is a ramification point, if the vectors 
f W (u),...,f M (u) are linear dependent. 

We assume that a generic point of CP 1 is not a ramification point. 


Theorem 1.2. If all ramification points of the parametrized rational curve 0 lie on a 
circle in the Riemann sphere CP 1 , then 0 maps this circle into a suitable real subspace 
MP r c CP r . 
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A maximally inflected curve is, by definition ESI, a parametrized real rational curve, 
all of whose ramification points are real. From Theorem 11.21 it follows the existence of 
maximally inflected curves, for every placement of the ramification points. 


Theorem o follows from Theorem o Indeed, if all ramification points lie on a circle, 
then changing linearly the coordinates {u\ : M 2 ), we may assume that the ramification 
points lie on the real line MP 1 and the point (0 : 1) is not a ramification point. Chang¬ 
ing linearly the coordinates (+ : • • • : v r+ \) on CP r , we may assume that (j) r +i is not 
zero at any of the ramification points. Let us use the affine coordinates u = U 1 /U 2 and 
Mi/ty+i,..., ty/ry+i, and formula (11.111 . Then the determinant of coordinates of the vec¬ 
tors / (1 )(n),..., /C)(m) is equal to 


Wr 


_A 

/, 


fr 


r+1 


/, 


r+1 


1 (n) = 


(/. 


r+1 


\r +1 


Wr (/!,..., f r ,fr+l){u) . 


Hence the vectors _+) +), ..., /h) (-u) are linearly dependent if and only if the Wronskian of 
fi,, f r+ \ at u is zero. Since not all points of CP 1 are ramification points, the complex 
span V of polynomials /i,...,/ r+ i is an r + 1-dimensional space. By assumptions of 
Theorem 11.21 all zeros of the Wronskian of V are real. By Theorem 11.11 the space V is 
real. This means that there exist projective coordinates on CP r , in which all polynomials 
fi,, f r .|_i are real. Theorem 11.21 is deduced from Theorem o 


1.3. Reduction of Theorem o to a special case. 

Theorem 1.3. Assume that all roots of the Wronskian are real and simple, then V is 
real. 

We deduce Theorem o from Theorem Ol Indeed, let Vo be an r + 1-dimensional 
space of polynomials whose Wronskian has real roots only. Let d be the degree of a 
generic polynomial in Vo. Denote 

• Cd[x] the space of polynomials of degree not greater than d, 

• G(r + 1, d) the Grassmannian of r + 1-dimensional vector subspaces in C+x], 

• P(C( r+ i)(rf_ r ) [x]) the projective space associated with the vector space C( r+ i)(d_ r ) [x]. 

The varieties G(r + 1 ,d) and P(C( r+ i)(d-r)[x]) have the same dimension. The assignment 
V 1 —* Wr^ defines a finite morphism 7r : G(r + 1, d) — > P(C( r+ i)(d_ r )[x]), see, for example, 
FEllETTIj. The space Vo is a point of G(r + 1 ,d). 

Since 7r is finite and Vo has Wronskian with real roots only, there exists a continuous 
curve e h fi e G(r + 1 ,d) for e G [0, 1), such that the Wronskian of V e for e > 0 has 
simple real roots only. By Theorem 11.31 the space V e is real for e > 0. Hence, the 
fundamental differential operator of V e has real coefficients. Therefore, the fundamental 
differential operator of Vo has real coefficients and the space Vo is real. Theorem 11.11 is 
deduced from Theorem Ol 
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1.4. The upper bound for the number of complex vector spaces with the same 
exponents at infinity and the same Wronskian. Let /i,...,/ r +i be a basis of V 
such that deg f, = di for some sequence 

d = {d\ < ... < d r+ 1} . 

We say that V has exponents d at infinity. If V has exponents d at infinity, then 
deg Wry = n where 

r+1 

n = ^2 (di — i + 1) . 

2—1 

Let 

n 

T = II(—-) 

s =1 

be a polynomial with simple (complex) roots. Then the upper bound for the number of 
complex vector spaces V with exponents d at infinity and Wronskian T is given by the 
number N(d) defined as follows. 

Consider the Lie algebra s[ r+1 with Cartan decomposition s[ r+ i = n_ © f) © n + and 
simple roots a±,...,a r G f)*. Fix the invariant inner product on f)* by the condition 
(cq,cp) = 2. For any integral dominant weight A G f)*, denote by La the irreducible 
sfiyi-module with highest weight A. Let to r G f)* be the last fundamental weight. 

For i = 1,..., r, introduce the numbers 

2 

k = E (< i i-J + 1 ) . (1-2) 

3 =1 

and the integral dominant weight 

r 

A(d) = nui r — liCti . 

2—1 

Set N(d) to be the multiplicity of the module La(cj) in the n-factor tensor product 

l®; =L Wr ®...®L Wr . 

According to Schubert calculus, the number of complex r + 1-dimensional vector spaces 
V with exponents d at infinity and Wronskian T is not greater than the number N(d). 
This is a standard Schubert calculus statement, see, for example, MV2 . Section 5]. 
Thus, in order to prove Theorem 11.31 it is enough to prove 

Theorem 1.4. For generic real Z \,..., z n , there exists exactly N(d) distinct real vector 
spaces V with exponents d at infinity and Wronskian T = IELiC*-*-)- 
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1.5. Structure of the paper. In Section El for generic complex z ±,..., z n , we will con¬ 
struct exactly N(d) distinct complex vector spaces V with exponents d at infinity and 
Wronskian T. In Sectional we will show that all of these vector spaces are real, if z±,..., z n 
are real. This will prove Theorem II .41 

The constructions of Sections Inland El are the Bethe ansatz constructions for the Gaudin 
model on L® n . 

Lur 


In Appendix A, we discuss properties of differential operators associated with the Bethe 
vectors in the Gaudin model and give applications of the Bethe ansatz constructions of 
Section El In particular, we prove a statement which may be useful in complex algebraic 
geometry: certain Schubert cycles in a Grassmannian intersect transversally if the spec¬ 
trum of suitable Gaudin Hamiltonians is simple, see Corollary 14.Ml cf. [EH] and [MV2] . 

In Appendix B, we formulate a conjecture on reality of orbits of critical points of master 
functions and prove this conjecture for master functions associated with Lie algebras of 
types A r , B r ,C r . 


We thank A. Eremenko and A. Gabriclov for useful discussions. 


2. Construction of spaces of polynomials 

2.1. Construction of (not necessarily real) spaces with exponents d at infin¬ 
ity and Wronskian T = nut*-*') with simple roots. Denote 2 = (z \,..., z n ). 
Introduce a function of l\ + ■ ■ ■ + l r variables 


f _ uw t (r) f \r)\ 

L — Bl J ■ ■ ■ ) Li 1 ■ ■ ■ 1 L 1 > ■ ■ ■ J L l r ) 




by the formula 


$ dit-z)= nn^ 


(r) 


r—1 li h +1 


v-1 


n n (*f-4‘ ) ) 2 nnn(*f-4 i+i) )- 1 - ( 2 .i> 


j = 1 -s=l 


i= 1 1 ^j<S^li 


i= 1 j= 1fc=l 


The function is a rational function of t, depending on parameters z. The function is 
called the master function. 

The master functions arise in the hypergeometric solutions of the KZ equations E3IYH 
and in the Bethe ansatz method for the Gaudin model |RVI IScVl IMV1IIMV21IMV31 IV2j . 

The product of symmetric groups E; = x • • • x E; r acts on the variables t by per¬ 
muting the coordinates with the same upper index. The master function is Ej-invariant. 
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A point t with complex coordinates is called a critical point of $d( •; z) if the following 
system of h + ■ ■ ■ + l r equations is satisfied 


T ^ U j 

7(T) hiy + Hi) 777 


JA 2 

l%— 1 -j 

i V 

h+i 

+s 

3=1 

2^ Ai) _ Ai) 

S=l, s+j ls 

Ai) Ai- 1) 
s=l ls 

n 

v 1 

lr r> 

V 

lr — 1 

S =1 

^ A r) - z 

s =1 L j *s 

,(r) ,(r) 

s=l, L j is 


0, 


0, 


0 , 


( 2 . 2 ) 


where j = 1,..., l\ in the first group of equations, i = 2,..., r — 1 and j — 1,..., li in the 
second group of equations, j — 1 ,..., l r in the last group of equations. 

In other words, a point t is a critical point if 


*7^)0 t-,z) = 0 


" dtf 




In the Gaudin model, equations El are called the Bethe ansatz equations. 

The critical set is Si-invariant. 

For a critical point £, define the tuple y l — (yi,..., y r ) of polynomials in variable x, 


Vi(x) = f[(x-t«) , i = l,...,r . 

3 = 1 

Consider the linear differential operator of order r + 1, 


(2.3) 


*=<£ - <>4 - -O ■ ■ 4 - « - 


where ln^/) denotes (df/dx)/f for any /. Denote by 14 the kernel of D t . 

Call D t the fundamental operator of the critical point t. Call 14 the fundamental space 
of the critical point t. 


Theorem 2.1 (Section 5 in jMV2j). 


• The fundamental space V t is an r + 1-dimensional space of polynomials with expo¬ 
nents d at infinity and Wronskian T. 

• The tuple y l can be recovered from the fundamental space 14 as follows. Let 
/i,..., f r+ 1 be a basis of V t , consisting of polynomials with deg f % = <4 for all 
i. Then yi,...,y r are respective scalar multiples of the polynomials 


fx, Wr(/ 1; / 2 ), 


WrC/i,/^), ... , Wr (/,,..., f r ) . 


Thus distinct orbits of critical points define distinct r + 1-dimensional spaces V with 
exponents d at infinity and Wronskian T. 
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Theorem 2.2 (Theorem 6.1 in [ MV3i i. For generic complex z\, ... ,z n , the master func¬ 
tion $d( •; z ) has N(d ) distinct orbits of critical points. 

Therefore, by Theorems 12. 1 l and 12.21 we constructed N(d) distinct spaces of polynomials 
with Wronskian T. All these spaces are fundamental spaces of critical points of the master 
function <l> d ( •; z). 


3. BETHE VECTORS 

3.1. Generators. Let E i} j, i,j = 1,... ,r + 1, be the standard generators of 0l r+1 . The 
elements E it j, i ^ j, and Eli = E iti — E i+ i^+i, i = 1,..., r, are the standard generators of 
sl r+ i. We have sl r+ i = n + © f) © n_ where 

n+ = ©kjC- ■ Ei,j j f) = ©i=iC ■ Hi , n_ = ©i>jC ■ Eij . 


3.2. Construction of Bethe vectors. For /i G f)*, denote by L® n [n\ the vector subspace 
of of vectors of weight /i and by Sing L®f[ii} the vector subspace of singular vectors 
of weight /i, 

l T[f] = {v | hv = (fi, h) v for any h G f)} 

Sing L®f\p) = {v G | n+n = 0, hv = </x, h) v for any h G fj} . 

For a given l — (li,..., l r ), set l — l\ + • • • + l r and 

r 

fi = nay — ha j . 

i— 1 

Let C l be the space with coordinates % — 1,..., r, j — 1,..., k, and C n the space with 
coordinates Z\,... ,z n . We construct a rational map 

w : C'xC" 

called the universal weight function. 

Let P(l, n ) be the set of sequences / = (ij,..., i\ \ ...; if,..., if n ) of integers in 
{1,..., r} such that for all i = 1,..., r, the integer i appears in I precisely l t times. For 
/ G P(l,n ), the l positions in / are partitioned into subsets I\,... ,I r , where consists 
of positions of the integer i. Fix a labeling of positions in p by numbers 1,..., /*. Thus 
to every position f in / we assign an integer, the labeling number of this position in the 
corresponding subset. Denote this integer by j(I£). For a = (cp,..., oy) G Ez, denote 
by t(I£;cr) the variable where i = if, j = and a % (j) denotes the image of j 

under the permutation cq. For a given a, the assignment of this variable to a position 
establishes a Injection of l positions of / and the set {t^ 1) , ..., t[^, ..., t[ r \ ..., t\^}. 

Fix a highest weight vector v Ur in L Ur . To every / G P(l,n), assign the vector 


Ejv 


,+1 ,iL Vu >r 


E, 




. . . Ea 


.+ 1 M 
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in £®”[/x] and scalar functions u)i tCT labeled by a = (<7i,..., a r ) G Ej, where 

^I,a l(-^l) • • •^I,a,n{^n) 

and 

/ \ _ 1 1 1 

^ 1 ,^, 3 \ z j) ~ 


(t(Ii,cr) -t(P 2 l a)) (t(I 3 a)-t(I 3 k a)) (t(I 3 k o)-Zj) 


We set 


a; 


>(t]z) = u It<r ElV . (3.1) 

l£P(l,n) rr£T,i 

The universal weight function is symmetric with respect to the Enaction on variables t!'p. 
Other formulas for the universal weight function see in 

The universal weight function was introduced in E3 to solve the KZ equations. 


Examples. If n = 2 and l — (1,1, 0,..., 0), then 
1 


uj[t-z) = 


-i? 2 ,ll? 3 , 2 ^ 0 V UJr + 


-E 3i2 E 2l iV Ur 0 v u 


1 1 

H—tv;- ?n\ - E 2 \v u)r 0 ^3,2v Ur + 77^)-ypy- E^ 2 v Ur 0 -E 2j \V Ur 


W- Zl )W- Z2 ) 

1 


(t[ 1] - Zl )(t[ 2) - Z2 ) 

+ {t? -t?)(t? ] - Z2 ) Vur ® E2 ' lE3 ’ 2VuJr + (4 2) -z 2 ) VuJr 0 E3 ’ 2E2 ’ lVur ' 

If l — (2, 0,..., 0), then 


v(t-,z) = ( 


(4 1} - 4 1) )(4 1) - zi) {t^ 1 - *n(4^ - Zl y 

+ ~TT\ - H\ -) -Eg lVu r 0 E 2t iV ulr 


+ 


hi) + (1 )n/,(1) 




(4 1} - -i)(4 lj - z 2 ) (t\y - - z 2 )' 

1 1 

+ 


hi) 


h 1 ) 


hi) 


v Wr 0 El,v u 


(4 1} - 4 1) )(4 1) - - 2 ) (4 1): - 4 1> )(4 1) - - 2 )' 

The values of the universal weight function at the critical points of the master function 
are called the Bethe vectors. 

The Bethe vectors of critical points of the same Ej-orbit coincide, since both the critical 
point equations and the universal weight functions are Ej-invariant. 

The universal weight function takes values in L® n [/i]. But if t is a critical point of the 
master function, then the Bethe vector u(t\ z ) belongs to the subspace of singular vectors 
Sing L®"[/x] C L® r n [/i], see fKVj . cf. comments on this fact in Section 2 of MV3 . 

By Theorem 12.21 the master function $d( •; z) has N(d) distinct orbits of critical points 
for generic z. Choose a representative in each of the orbits: t 1 ,..., t N - d ' > . These critical 
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points define the collection of Bethe vectors: z),... ,u(t N ^; z) G Sing L®” [//]. The 

space Sing L®”[/i] has dimension N(d). 

Theorem 3.1 (Theorem 6.1 in [MV3j ). For generic z, the Bethe vectors form a basis in 

Sing L®f\n}. 


3.3. The Gaudin model. The Gaudin Hamiltonians on Sing L® n [/i] is a collection of 
linear operators acting on Sing and (rationally) depending on a complex param¬ 

eter x. We use the construction of the Gaudin Hamiltonians suggested in fnicTj , see 
also firm . We consider the s[ r+] -module L Ur as the g[ r+1 -module of highest weight 

(0.o.-i). 

To define the Gaudin Hamiltonians, for all i,j = 1,... ,r + 1, consider the differential 
operators 


Xi,j (x) 


d 


*^-E 


E 


(*) 


3,1 


S=1 


X 


where 8 hJ is the Kronecker symbol and Ej S - = <g> Ej^ ® These differential 

operators act on L®"-valued functions in x. The order of X i3 is one if i — j and is zero 
otherwise. 

Set 

M = (—1) CT Ai jCT (i)(a;) AG i0 -(2)(t) ... Ar+pofr+i)^) (3-2) 

|-i 

where (—l)' 7 denotes the sign of the permutation. 

For example, for r = 1, we have 


M 



E 



x - z s 


d 

dx 


E 


E 


A) 

2,2 


x - Z s 


Write 


M 


d r+1 

dx r+1 


+ 


M x (x) 


d r 

dx r 


+ 


(E 



x- z s 


(E 



x- z s 


)• 


+ M r +i(x) , 


where M,-(x) : L®™ —> L®” are linear operators depending on x. The coefficients M x (x), 
..., M r+ \(x) are called the Gaudin Hamiltonians. 

It is the well-known that 


• The Gaudin Hamiltonians commute: [M*(it), Mj(v)\ = 0 for all i,j,u,v, 

• The Gaudin Hamiltonians commute with the gl r+1 -action on L®”, 
in particular, they preserve Sing L® n [/i]. 

The first statement see, for example, in KuSl. Tj CT] . Proposition 7.2 MTV j. The second 
statement see, for example, in [KuSI and Proposition 8.3 in [MTVj . 
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Theorem 3.2 (Theorem 9.2 in (MTVj i. For any critical point t of the master function 
$d( •; z), the Bethe vector oj{t ; z) is an eigenvector of Mi (x ),..., M r+X (x). The corre¬ 
sponding eigenvalues pi(x),. . ., p r+ i(x) are given by the formula 


d 


r+1 


dx r+1 


+ 


+ Fr+l(%) — 


:^- + ln'(»i))(2- + In'(-)) 

dx dx 2/1 




Set 


K = 


d r+1 

dx r+1 

d r+1 


■Mi(x ) + • • • + (— l)' +1 M r+ i(x) 


dx‘ 


d 


+ Ki (x)—— + ■ ■ ■ + K r+1 (x) 


dx r+l ' “ ±v ' dx r 

This is the differential operator that is formally conjugate to the differential operator 
(— l) r+l M. The coefficients K t (x) : L® n —> L® n are linear operators depending on x. 
These coefficients can be expressed as differential polynomials in M\ (x), M r+ \{x). 

For instance, 


K^x) = -M^x) , K 2 (x) = M 2 {u) - r-^M^x) , 

dx 

and so on. The operators K x (x ),..., K r+1 (x) pairwise commute, [Kju), Kj(v)\ = 0 for 
all i,j,u,v, and commute with the g( r+1 -action on L® n . 

The operators K x (x ),..., K r+l (x) are also called the Gaudin Hamiltonians. 


For any critical point t of the master function <f>d( •; z), the Bethe vector u;(i; z) is an 
eigenvector of the Gaudin Hamiltonians K i(x),..., K r+ i(x). The corresponding eigenval¬ 
ues Ai(x),..., A r+ i(x) are given by the formula 


d r+1 w , d r . . , 

dvF+* + Al(x) diF + ' " + A ’’+ 1 ( l) 


' d 1 ’( T \\ 


d 


Vr 


dx ln v ?/ r _ i 


dx 2/1 


Notice that this is the fundametal differential operator D t of the critical point t. 


Corollary 3.3. For generic z, 

• the Bethe vectors form an eigenbasis of the Gaudin Hamiltonians K\(x), 
K r+1 (x), 

• the Gaudin Hamiltonians Ki(x ),..., K r+ \(x) have simple spectrum, that is the 
eigenvalues of the Gaudin Hamiltonians separate the basis Bethe eigenvectors. 

The first statement of the corollary follows from Theorem 13.11 and Theorem 13.21 
The second statement of the corollary follows from the fact that if two Bethe vectors 
had the same eigenvalues, then they would have the same fundamental operators, hence 
the same fundamental spaces. But the fundamental space uniquely determines the orbit of 
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the corresponding critical point by Theorem 12.II Hence the two Bethe vectors correspond 
to the same orbit of critical points. Hence the two Bethe vectors are equal. 

3.4. The Shapovalov form and real z. Define the anti-involution r : gf r+1 —> g[ r+1 
by sending E t J to E hi for all i, j. 

Let W be a highest weight gt r+1 -module with highest weight vector w. The Shapovalov 
form on W is the unique symmetric bilinear form S defined by the conditions: 

S(w, w) — 1, S(gu,v) — S(u,r(g)v) 

for all u,v eW and g G g[ r+1 , see [Kj- The Shapovalov form is non-degenerate on an 
irreducible module W and is positive definite on the real part of the irreducible module 
W. 

Let Laj® •••<£) L\ n be the tensor product of irreducible highest weight gl r+1 -modules. 
Let v\ i € La; be a highest weight vector and Si the corresponding Shapovalov form on L\ t . 
Define the symmetric bilinear form on the tensor product by the formula S = S i0 - • -®S n . 
The form S is called the tensor Shapovalov form. 

Theorem 3.4 (Proposition 9.1 in [MTV]). The Gaudin hamiltonians K i(t), ..., K r+ i(x) 
are symmetric with respect to the tensor Shapovalov form S, 

S(Ki(x)u,v ) = S(u,Ki(x)v ) for all i,x,u,v . 

Corollary 3.5. If all of Zi,..., z n ,x are real numbers, then the Gaudin Hamiltonians 
K\ (x), ..., K r+ i(x) are real linear operators on the real part of the tensor product Lai® 
• • • ® L\ n . These operators are symmetric with respect to the positive definite tensor 
Shapovalov form. Hence they are simultaneously diagonalizable and have real spectrum. 

3.5. Proof of Theorem H~4l If zi,..., z n , x are real, then the Gaudin Hamiltonians on 
Sing Lf n [g] have real spectrum as symmetric operators on a Euclidean space. If t is a 
critical point of <hd( •; z) and Ai(x),..., A r+ i(x) are the eigenvalues of the corresponding 
Bethe vector u(t; z), then Ai(x),..., A r+ i(x) are real rational functions. Hence the fun¬ 
damental differential operator D t has real coefficients. Therefore, the fundamental vector 
space of polynomials V t is real. Thus for generic real Z \,..., z n we have N(d) distinct real 
spaces of polynomials with exponents d at infinity and Wronskian n" = i( a; — z s)- Theorem 
roi is proved. 


4. Appendix A 


4.1. The differential operator K has polynomial solutions only. Let Z\,... ,z n G 

C. Let A l5 ..., A n , Aqo G f)* be dominant integral weights. Assume that the irreducible 
sh+i-module is a submodule of the tensor product Lai ® • • • <E> L\ n . 

For any s — 1,..., n, oo, and i — 1,..., r, set rn s , t = (A s , Y^j=\ a j ) anc ^ 


l 


r + 1 




m x 


m 


00,1 


i =1 


s=l 
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For any s = 1 we will consider the sl r+ i-module L\ s as the g[ r+1 -module of 

highest weight (0, —m Sj i, — m S}2 ,..., —m s r ). The s[ r+ i-module L a^, as a submodule of 
the gf r+1 -module L ^0 ■ ■ • 0 L^ n , has the gf r+1 -highest weight 

( f l ^Roo,l; ^ ^Roo,2? ■ ■ ■ ■ l IRoo,r) • 

Theorem 4.1. 

(i) Consider the operator K as a differential operator acting on • • • 0 L\ n -valued 
functions in x. Then all singular points of the operator K are regular and lie in 
the set {zi ,..., z n , oo}. 

(ii) Let u(x ) be any germ of an La 1 0 • • ■ 0 L\ n -valued function such that Ku = 0. 
Then u is the germ of an La x 0 • • • 0 L\ n -valued polynomial in x. 

(iii) Let w E Sing (1^0 • • ■ 0 TA n )[A i0O ] be an eigenvector of the operators K\ (x ),..., 
K r+ i(x ) with the eigenvalues Xi(x),, A r+ i(x), respectively. Consider the scalar 
differential operator 

d r+1 d r 

Dw = daf+i + Xl ^daf + ■ ■ ■ + K+i(x) . 

Then the exponents of the differential operator D w at oo are —l, —moo.i — 1 — 
l ; ■ ■ ■ ; UloO ,V 1‘ 

(iv) If Z\,, z n are distinct, then for any s — 1,..., n, the exponents of the differential 
operator D w at z s are 0 , m Sj i + 1, ... , m s ^ r + r. 

(v) The kernel of the differential operator D w is an r + 1-dimensional space of poly¬ 
nomials. 

Proof. Part (i) is a direct corollary of the definition of the operator K. 

We first prove part (ii) in the special case of Ai = • • • = A n = ay and generic Z\,... ,z n . 
By construction, the operator K commutes with the g( r+1 -action on L® n . This fact 
and Theorem Id.II imply that K has an eigenbasis consisting of the Bethe vectors and 
their images under the g( r+ ,-action. Then by Theorems Id.21 and 12.11 all solutions of the 
differential equation Ku = 0 are polynomials. 

The proof of part (ii) for arbitrary A 1; ..., A n and Z\,... ,z n clearly follows from the 
special case and the following remarks: 

• The operator K is well-defined for any zi,...,z n , not necessarily distinct, and 
rationally depends on z \,..., z n . 

• If for generic z\,...,z n , all solutions of the differential equation Ku = 0 are 
polynomials, then for any z\,... ,z n , all solutions of the differential equation Ku = 
0 are polynomials. 

• Assume that some of Z \,..., z n coincide. Partition the set {zi ,..., z n } into several 
groups of coinciding points of sizes n i,..., rii + • • • + rik = n. Denote the 
representatives in the groups by u \,..., Uk E C where u±,... ,Uk are distinct. 
Denote W s = L®f 3 for s = 1,..., k. Choose an irreducible module L Us C W s for 
every s. Then the operator K defined for those z \,..., z n on Wi0- • -0Wfc preserves 
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the space of functions with values in the submodule L Ul 0 • • ■ 0 L Uk . If we restrict 
K to the space of functions with values in L V1 0 • ■ ■ 0 L Uk , then this restriction 
coincides with the operator K defined for the tensor product L V1 0 • • • 0 L Vk and 
Mi,... ,u k . 

• Any highest weight irreducible module is a submodule of a suitable tensor power 
of L Ur . 

Part (ii) is proved. 

In order to calculate the exponents of the operator D w at singular points, we calculate 
the exponents of its formal conjugate operator. Namely, we consider the operator 

_ lh? ''' + ( — l) r+ 1 ^r+i(^) 

d r 

+ Ah (a) +-f/i r+ i(x) . 

The vector w is an eigenvector of the operators Mi(x ),..., M r+ i(x ) with the eigenvalues 
Hi(x ),..., /d r+ i(x), respectively. 

Lemma 4.2. Let the exponents of Df, at a point x — z be pi ,..., p r+ 1 . Then the exponents 
of D w at the point x = z are r — p r +i, ■ ■ ■, r — p\. □ 

Consider the following f/(gl r+1 )-valued polynomial 

A ( x ) = ( _1 )' T ~ r ) 5 i,«r(i) - #<r(i),i) ••• (4-1) 

(TGSg-|_p 

' ' ' ((*^ 4) fir, <r(r) ^(r(r),r) (j? $r+l, <j(r+l) ^'cr(r+l),r+l) • 

It is known that the coefficients of this polynomial are central elements in t/(gl r+1 ), see, for 
example, Remark 2.11 in l.\l\T)j . If v is a singular vector of a g[ r+1 -weight (pi,... ,p r +i), 
then formula (EH) yields 

r+l 

A(x) v = (x — r — 1 + i — p^ v . 

i =1 

Hence, the operator A{x) acts on L^ s as the identity operator multiplied by 

r 

'ifs(x) = ]^[ (x - r + i + m s>i ) . 
i =o 

Let s = 1,... ,7i. It follows from formula EH that the indicial polynomial of D ^ at the 
singular point z s is the eigenvalue of the operator 1 ®( S_1 ) 0 Afx) 0 l®( n_s ) on the vector 
w, that is, ifsfx). Similarly, the indicial polynomial of D*, at infinity is the eigenvalue of 
A(—x) acting on the vector w which belongs to the submodule L of the gl r+1 -module 


d r+1 

dx r+1 

d r+1 

dx r+1 
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L Al 0 ■ • • 0 L An , that is, 

r 

ipoo (x) = Y\(-x - r + i + l + moO'i) . 

i=0 

Hence, by Lemma 14.21 the exponents of the operator D w are as required. This proves 
parts (iii) and (iv). Part (v) follows from parts (i-iv). □ 

Corollary 4.3. Assume that the operators Ki(x ),..., K r+ i(x) acting on the subspace 
of weight singular vectors Sing ( L Al 0 • ■ ■ 0 LA n )[A 0O ] are diagonalizable and have sim¬ 
ple joint spectrum. Then there exist dim Sing (La, 0 0 AO[Aoo] distinct polyno¬ 

mial r + 1-dimensional spaces V with the following properties. If D is the fundamen¬ 
tal differential operator of such a space, then D has singular points at zi,...,z n ,oo 
only, with the exponents 0, m s ,i + 1, ... , m S)T + r at z s for any s, and the exponents 
—l , —m ooy — 1 — l , ... , —moo,,. — r — l at oo. 

Consider all r + 1-dimensional polynomial spaces V, whose fundamental operator has 
exponents at zi,...,z n , oo indicated in Corollary 14.31 Schubert calculus says that the 
number of such spaces is not greater than the dimension of Sing (L Al ® • • • 0^a„)[Aoo], see 
for example [MV'2| . Thus, according to Corollary 14.31 the simplicity of the spectrum of 
the Gaudin Hamiltonians on Sing (L Al ® ■ ■ ■ 0 AO[Aoo] implies the transversality of the 
Schubert cycles corresponding to these exponents at Zi, ..., z n , oo, cf. [MV2 and EHJ. 

Recall also that the operators Kfx ),..., K r+l (x) acting on Sing (L Al ® • ■ ■ 0 AO[Aoo] 
are diagonalizable if z±,... ,z n are real, see Section 13.41 


Remark 4.4. It was conjectured in EH that the monodromy of the differential operator 
M, acting on L Al ® • • • 0 LA n -valued functions in x, is trivial. However, the proof of this 
statement in cm is not satisfactory. On the other hand Theorem 14.11 implies that the 
monodromy of the differential operator K, acting on L Al ® • • • 0 LA n -valued functions in 
x , is trivial. Together with Theorem 13.41 this implies that the monodromy of the operator 
M is trivial as well. 


4.2. Bethe vectors in Sing (L Al ® • • • 0 La„)[Aoo]. Let z = (zi,..., z n ) G €" be a point 
with distinct coordinates. Let A 1; ..., A„, A^ e [)* be dominant integral weights. Assume 
that the irreducible sl r+ i-module L Aaa is a submodule of the tensor product L Al ®- ■ -®L An . 

Introduce l — (R,... ,l r ) by the formula Aoo = A s — Yll+i h&i- Set l — h + - ■ ■ + l r . 
Consider the associated master function 


4>(*;u = nnnt* 


r—1 L l 


(0 


i+1 


\-(A s ,ai) 


n n (f-^) 2 nnn'4- , -r i) )- 1 


2=1 j=l S= 1 


2=1 1 


2=1 j =1 k =1 


Consider the universal weight function u : C ; x C n —> (L Al ® ■ • • 0 La„)[Aoo] defined by 
the formulas of Section E3 The value uj(t] z ) of the universal weight function at a critical 
point t of the master function <L( •; z) is called a Bethe vector, see [RV] IMV2j . The Bethe 
vector belongs to Sing (Lai 0 • • • 0 -AO[Aoo], see RV . 
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For a critical point t , define the tuple y* — (yi,..., y r ) of polynomials in variable x by 
formulas of Section o Define polynomials Ti,... ,T r in x by the formula 

t ,( x ) = rr_i(* - ■ 

Consider the linear differential operator of order r + 1, 

D t = (f- -in'(h_It)) (A._ w( y - T ...(A_hu^h)) (A-ln'^)). 

ax y r ax y r ~ i ax y\ ax 

All singular points of are regular and lie in {zi ,... ,z n , cx)}. The exponents of D t at z, 
are 0 , m Sj i + 1 , ... , m S)r + r for any s, and the exponents of D t at oo are —l , — rrioo,i — 
1 — l , ... , —rrioo^ — r — l. The kernel V* of D t is an r + 1 -dimensional space of polynomials, 
see [MV2j . 

The tuple y l can be recovered from V t as follows. Let fi,..., f r+ 1 be a basis of V t , con¬ 
sisting of monic polynomials of strictly increasing degree. Then yi,...,y r are respective 
scalar multiples of the polynomials 

Wr(/ 1; / 2 ) Wr(,A,/ 2 ,/a) Wr (A,..., f r ) 


fi , 


Ti ’ T 2 Tl ’ " ’ ’ T r _X 2 -2 • • • Tr 1 ’ 

see |MV2j . 

Theorem 4.5 (Theorem 8.2 in [MTV] ). For any critical point t of the master function 
<f>( •; z), the Bethe vector u(t; z ) is an eigenvector of K\ (x ),..., K r+ i(x) and the corre¬ 
sponding eigenvalues Ai(x),..., A r +i(x) are given by the formula 

+ Xl(x) lE + "' + K+l(x) = Dt ■ 

Corollary 4.6. Any two distinct nonzero Bethe vectors cannot have the same eigenvalues 
for all Gaudin Hamiltonians. 


The proof of the corollary is similar to the proof of the second statement of Corollary 


m 


5. Appendix B 

Let g be a simple Lie algebra, t) its Cartan subalgebra, a±,... ,a r E \]* simple roots, 
(, ) the standard invariant scalar product on 9 . Let A = (Ai,...,A n ) be integral 
dominant weights of 9 . Let l = (li,...,l r ) be non-negative integers such that the 
weight Aqo = A s — Y2i=i is dominant integral. Let 2 = (zi,...,z n ) be dis¬ 

tinct complex numbers. Introduce the associated master function of variables t = 
( 4 1} ,..., t\l\ ..., t f 0 ,..., tj r r) ) by the formula 

® 0 ,a ,i(t;z) = 

r li n r k lj 

(tf - 2 S )- (A - Qi ) Y[ jj (tf - t^Y ai ’ ai) jj Y[ • 

i=l j=l s=l i=l s=l k=l 
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The function $ is a rational function of t, depending on parameters 2 . The master 
function is Ej-invariant with respect to permutations of variables with the same upper 
index. 

The critical set of the master function with respect to variables t is Ej-invariant. 

If 2 consists of real numbers, then the critical set is invariant with respect to complex 
conjugation. 

Conjecture 5.1. If z consists of real numbers, then every orbit of critical points is 
invariant with respect to complex conjugation. 

For a critical point t, define the tuple y t — (y 1} ..., y r ) of polynomials in variable x by 
formulas of Section 12.11 Conjecture 15.11 can be restated as follows. If z consists of real 
numbers and t is a critical point, then the tuple y * consists of real polynomials. 

Theorems o and 12.11 imply this conjecture for g = sl r+1 . In the same way Theorems 
o and 12 .II imolv Conjecture 15.11 for g of type B r and C r , see Section 7 in [ MV2 : . 
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